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MULTIPLICATIVE CHAOS MEASURES FOR A RANDOM MODEL OF THE RIEMANN ZETA
FUNCTION
EERO SAKSMAN ANDCHRISTIANWEBB
ABSTRACT. We prove convergence of a stochastic approximation of powers of the Riemann ζ
function to a non-Gaussian multiplicative chaos measure, and prove that this measure is a
non-trivial multifractal random measure. The results cover both the subcritical and critical
chaos. A basic ingredient of the proof is a ’good’ Gaussian approximation of the induced ran-
dom fields that is potentially of independent interest.
1. INTRODUCTION
The goal of this note is to study the multifractal behavior emerging from the complexity of
the distribution of the prime numbers. Our approach is to consider a stochastic approxima-
tion to the Riemann ζ function and study its connection with randommultifractal measures
known asmultiplicativechaosmeasures. This is stronglymotivated by conjectures in [14] and
recent results in [1], where this stochastic approximation to the ζ function was studied.
Themain conjecture of [14] is that on a suitable scale, the logarithmof the ζ-function on the
critical line, far away from the origin, should look roughly like a log-correlated Gaussian field.
For rigorous results in this direction, see [6, 7], and for further conjectures, see [23]. Motivated
by the conjectures in [14], the stochastic approximationwe consider has recently been studied
in [1], where the authors proved that the maximum of this field behaves essentially as the
maximum of a log-correlated Gaussian field (see e.g. [10, 21] for more on the maximum of
log-correlated Gaussian fields).
Log-correlated Gaussian fields are rough objects - they must be understood as random
generalized functions, but as realized already by Kahane, some of their geometric properties
can be studied by exponentiating these fields into randommeasures known as multiplicative
chaos measures (see [20] for Kahane’s original work, [24] for a recent review and [5] for a con-
cise proof of existence and uniqueness). Gaussian multiplicative chaos has recently found
applications in two-dimensional quantum gravity [9, 11], the study of random planar curves
through conformal welding [2, 27], models for asset returns in mathematical finance [3], and
randommatrix theory [14, 28].
The major difference in our case is that the field is no-longer Gaussian and though some
simple non-Gaussian cases have been studied [4] there is no general theory for studying such
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an object. Our main goal is to show that a corresponding object exists and it enjoys many of
the properties Gaussianmultiplicative chaos measures are known to have.
Our approach is philosophically close to that of [1], but still slightly different. Themain idea
in their proof is to find a hidden tree structurewhich governs themain properties (such as the
maximum) of the field. We on the other hand will exhibit a log-correlated Gaussian field,
which provides a very good approximation of the field. While our calculations rely heavily on
the model we study, this approach of Gaussian approximation might be useful for studying
other "nearly Gaussian" multiplicative chaos measures.
The structure of this paper is the following: in the next section we first introduce ourmodel
and state the main results. We then move on to proving that the non-Gaussian field can be
approximatedwell by a log-correlatedGaussian one. We do this using a quantitativeGaussian
approximation result for sums of random variables, whose proof we postpone to the last sec-
tion. The approximation enables us to make use of standard Gaussian multiplicative chaos
theory to prove that also the non-Gaussian chaos measure exists, both in the subcritical and
critical cases. Making use of Gaussian multiplicative chaos theory, we additionally prove a
result concerning the multifractal scaling of the non-Gaussian chaos measure.
2. THE MODEL AND MAIN RESULTS
Let us begin by sketching how our model appears. Our discussion will be imprecise and
short. For more information, see [1] and [6, Section 3].
The real question one is interested in is describing the behavior of the ζ function on the
critical line far away from the origin. This of course is an extremely difficult question so it’s
natural to try to simplify things. Assuming an Euler product representation for ζ on the critical
line, one would formally have
logζ(i t +1/2)=−
∑
p
log(1−p−i t−1/2)=
∑
p
∞∑
k=1
1
k
p−ikt−k/2 ,
where the p-sum is over prime numbers. As one has quite fast decay in the summation vari-
able k, it is natural to expect that the k = 1 termwould be the dominant part of this sum. Thus
one is lead to looking at the object
∑
p
1
p
p
p−i t .
Studying this is still too difficult, so one introduces randomness. We want to consider the
behavior of the above object in the vicinity of a generic large point on the critical line. To
formalize this, let u be a random variable which is uniformly distributed on [1,2] and let T be
a large parameter. Moreover, let x ∈ [0,1] - so our generic large point is iuT +1/2 and we look
at points near this, i.e. points corresponding to t = uT +x. Consider then the object
(1)
∑
p
1
p
p
p−i xp−iuT .
If one considers only a fixed number of primes, say p ≤N for some N ∈Z+, then as T →∞,
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(
p−iuT
)
p≤N
d→
(
e iθp
)
p≤N
,
where (θp)p≤N are i.i.d. uniformly distributed on [0,2π]. This follows by observing that if
p1, . . . ,pK are distinct primes and rk :s are integers, not all equal to zero, then in the limit all
the non-trivial joint moments vanish:
lim
T→∞
E
K∏
k=1
(
p±iuT
k
)rk = lim
T→∞
∫2
1
exp
(
iTu
( K∑
k=1
rk logpk
))
du = 0,
as log(pk):s are independent over rationals. Now as we’re interested in the size of ζ, it’s natural
to only consider the real part of the logarithm and make the following definition. In order to
facilitate definitions later on, we let p j stand for the j :th prime and define
Definition 1. Let (θp)p be i.i.d. random variables that are uniformly distributedon [0,2π] and
indexed by prime numbers. We denote their law by P and integration with respect to this
measure by E . For N ∈Z+ and x ∈ [0,1] set
XN (x)=
N∑
j=1
1
p
p j
(
cos(x logp j )cosθp j + sin(x logp j )sinθp j
)
.
Remark 2. One can check that as N →∞, the sequence of functions (XN ) converges almost
surely in some suitable Sobolev space of distributions to a non-trivial limit, say X , which is
an honest random generalised function. A natural question arises, in analogy with random
matrix theory (see e.g. [16]), whether the quantity (1) also converges to the same limit as T →
∞. However, one easily checks that this quantity does not converge locally in any reasonable
Sobolev space of distributions for any fixed T . A more natural way to make a more rigorous
link to the ζ-function would be to study the convergence of suitable (smoothed) cuts of the
series that depend on T .
This object came about when considering the logarithm of the ζ function, so it’s natural to
want to exponentiate it. It turns out that the correct way to understand this exponential is to
view it as a positivemeasure. To get a better understanding of themeasure, is is customary to
add a further parameter that will enable studying the (random) Lp norm of the "density" of
themeasure (though the limitingmeasure actually is almost surely not absolutely continuous
with respect to the Lebesgue measure). We also need to normalize the measure suitably to
obtain a non-trivial limiting object - our choice of normalization is such that the expectation
of the totalmass of themeasure is equal to one - this and the independence of the summands
ensures that the sequences ofmeasures forms ameasure-valuedmartingale,which allows the
use of standard limit theorems in order to define the limiting object.
Definition 3. For β> 0, we consider the measure
µβ,N (dx)=
eβXN (x)
EeβXN (x)
dx
on [0,1].
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By the theory of martingales, the existence of a weak∗-limit of the sequence µβ,N (dx) is
easy. However, that the limit is no-trivial is a more delicate issue, and our first main result
guarantees that this is the case:
Theorem4. Forβ ∈ (0,βc), whereβc = 2, themeasureµβ,N (dx) converges almost surelywith re-
spect to the weak topology ofmeasures to a non-trivial randommeasureµβ(dx). Actually, there
is a Gaussian multiplicative chaos-measure νβ on (0,1) such that µβ = f νβ, where the random
multiplier function f is almost surely continuous and bounded form above and ‖ f ‖L∞(0,1) pos-
sesses all moments. One has Eµβ(0,1)
p <∞ for p < 4/β2. Forβ≥βc , µβ,N (dx) converges almost
surely to the zero measure (with respect to the weak topology of measures).
Our secondmain result concerns themore difficult case ofβ=βc , i.e. the critical case. Here
convergence to a non-trivial object is obtained if one normalizes the measure in a slightly
different way:
Theorem 5. As N →∞, the measure
√
loglogNµβC ,N (dx) converges in distribution (with re-
spect to the weak topology) to a non-trivial random measure which is also absolutely contin-
uous with respect to a Gaussian multiplicative chaos measure. Moreover, EµβC (0,1)
p <∞ for
p ∈ (0,1).
These two results parallel very closely the type of behavior one has for Gaussian multi-
plicative chaos measures. Actually, they even imply that in a suitable ’mesoscopic’ scaling
the approximating measures converge to an actual Gaussian multiplicative chaos measure,
modified just by a scalar randommultiplicative factor, see Remark 28 below.
There are a couple of issues that one would expect to hold from the close relationship to
the Gaussian case, but we do not touch on them in the present note. First of all we expect that
in Theorem 5, the convergence is not just in distribution, but also actually in probability – in
fact, this probably follows simply by slightlymodifying some of the results in [18]. Moreover, it
seems possible that applying our Gaussian approximation result one could obtain for β > βc
another deterministic normalization under which the measures would converge (this time
only in distribution) to a non-trivial limiting object and this this limiting object is a purely
atomic measure. This is known as a freezing transition in the framework of physics of disor-
dered systems, and is believed to be a universal phenomenon - see [8]. Moreover, we suspect
that it might be possible to prove that under a suitable deterministic shift, maxx XN (x) con-
verges in law to a non-trivial random object, whose distribution can be represented in terms
of the critical measure as for log-correlated Gaussian fields. Our approach of expressing XN
in terms of a Gaussian field means that the difficulty in proving all of these claims is in prov-
ing the corresponding result for the Gaussian field. While such results are known for some
approximations of log-correlated Gaussian fields, the current knowledge is not sufficient to
cover our case. For more information about these statements, see e.g. [24, 12, 13, 22, 10, 21].
A fundamental property of Gaussian multiplicative chaos measures is multifractality - or
that themeasure can’t be described simplywith a single scaling dimension, but needs awhole
spectrum of them. There are different ways to make precise sense of this (in particular, in
the theory of Gaussian multiplicative chaos, there are results about the so called KPZ-scaling
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of the dimension of the measure - see [11, 25]), but we present the following simple result
describing the non-trivial scaling of the (subcritical) measure.
Proposition 6. Let β < βc . Then there exists a qc = qc (β) > 1 such that for q ∈ (0,qc ) and any
x ∈ (0,1)
lim
r→0
logE(µβ(B(x,r ))
q )
logr
=
(
1+ β
2
2
)
q− β
2
2
q2.
Let us finally briefly outline our approach to proving convergence of µN ,β. As in Kahane’s
original theory, µβ,N is a measure valuedmartingale - in particular, for each continuous func-
tion f : [0,1]→ R, µβ,N ( f ) is a martingale. So to prove convergence to a non-trivial object, for
β < βc it is enough for us to demonstrate that this martingale is uniformly integrable. As in
the Gaussian case, we’ll prove that for β<βc , themartingale is bounded in Lp for some p > 1.
This will in fact follow from the our representation of µβ,N being absolutely continuous with
respect to an approximationof a Gaussian chaosmeasure and the Radon-Nikodymderivative
being very well behaved. For the case β = βc we need to be much more careful in choosing
the approximative Gaussian field, but after that the result is obtained by applying uniqueness
results for critical Gaussian chaos contained in [18].
The Gaussian approximation we need is contained in the following:
Theorem 7. For each N ≥ 1 there is the decomposition
XN (x)=GN (x)+EN (x),
whereGN (x) is a Gaussian field that has the covariance structure of a standard smooth approx-
imation to a log-correlated field (see Lemma 17 below), and EN is continuous and converges
a.s. uniformly to continuous function E. Moreover, the maximal error in the approximation
has finite exponential moments:
E exp
(
λ sup
N≥1,x∈[0,1]
EN (x)
)
< ∞ for all λ> 0.
The idea behind the Gaussian approximation is simply that in definition (2) we may divide
the sum into suitable blocks and use the slowly varying nature of p → logp to ’freeze’ the x-
dependence inside each block, and obtain a Gaussian approximation by a simple coupling
argument. The basic input from number theory needed is the prime number theorem with a
good bound for the error term.
In what follows, for the sake of non-initiated reader we have not striven for a condensed
exposition but instead attempt to provide full details even for the somewhat repetitive parts
of the argument.
3. A GAUSSIAN APPROXIMATION FOR THE FIELD
The goal of this section is to prove that we can indeed write XN (x)=GN (x)+EN (x), where
GN converges to a log-correlated Gaussian field, and EN converges to a continuous function.
This will be carried out in steps. First we’ll prove things along a suitable subsequence of Ns
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making use of a Gaussian approximation theorem for sums of independent randomvariables,
and later extend the result to all N .
As mentioned earlier, we’ll want to split the field into a sum over blocks, where within the
blocks, the quantities logp are roughly constant, and perform a Gaussian approximation on
each block separately. To make this formal, let P = {p1,p2, ..} be the set of primes (indexed
in increasing order) and let (rk)
∞
k=1 be a sequence of strictly increasing positive integers with
r1 = 1. The idea is that {prk , ...,prk+1−1} will be the set of primes appearing in the block we’ve
mentioned.
Later on, we’ll discuss what we precisely require of the sequence rk , but for now we note
that if we want some kind of central limit theorem to take effect within a block we need
rk+1 − rk →∞ as k →∞. On the other hand, to have logprk ≈ logprk+1 , we’ll want (by the
prime number theorem) rk+1/rk → 1 as k→∞. To apply our Gaussian approximation result
- Proposition 9 - without much further calculations, we also assume that prm+1−1/prm ≤ 2. Let
us further assume that rm+1− rm > 1 for allm.
We then define the "blocks" of the field as well as our "freezing approximation".
Definition 8. For (rm)
∞
m=1 as above, define for x ∈ [0,1] andm ≥ 1:
(2) Ym(x)=
rm+1−1∑
k=rm
1
p
pk
(
cos(x logpk)cosθpk + sin(x logpk)sinθpk
)
.
Consider also the approximation to this where the x-dependent terms within each block
are frozen:
Y˜m(x)= cos(x logprm )
rm+1−1∑
k=rm
1
p
pk
cosθpk + sin(x logprm )
rm+1−1∑
k=rm
1
p
pk
sinθpk(3)
=: cos(x logprm )Cm + sin(x logprm )Sm .
The Gaussian approximation needed will be based on the following result. We state it in
a slightly more general form than we actually need here, since this turns out to be useful in
further study of non-Gaussian chaos models [17].
Proposition 9. (i) Assume that d ≥ 2 and H j = (H (1)j , . . .H
(d)
j
), j ∈ {1, . . . ,n} are independent
and symmetric Rd-valued random variables with b−10 ≤ c j := d−1Tr(Cov(H j )) ≤ b0 for all j ∈
{1, . . . ,n}, where b0 > 0. Assume also that the following uniform exponential bound holds for
some b1,b2 > 0:
(4) E exp(b1|Hk |)≤ b2 for all k = 1, . . . ,n.
Then there is a d-dimensional Gaussian random variableU with
Cov(U )=
( n∑
j=1
c j
)−1( n∑
j=1
Cov(H j )
)
, Tr(Cov(U ))= d ,
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and such that the difference
V :=U −
( n∑
j=1
c j
)−1/2( n∑
j=1
H j
)
satisfies
(5) E |V | ≤ a1n−β.
Above β = β(d) > 0 depends only on the dimension and a1 on d ,b0,b1,b2. Moreover, U can be
chosen to be measurable with respect to σ(G ,H1, . . .Hn), where G is a d-dimensional standard
Gaussian independent of the H j :s. In addition, there is the exponential estimate
(6) E exp(λ|V |)≤ 1+a2ea3λ
2
n−a4 for 0≤λ≤ a5n1/2,
where the constants a2,a3,a4,a5 > 0 depend only on b0,b1,b2 and the dimension d . Here a2 ∈
(0,1/2).
In the case where the variables Hk are uniformly bounded, say |Hk | ≤ b3 for all k, then (6)
holds true for all λ> 0, where now the constants a2,a3,a4 may also depend on b3, and there are
constants a6,a7,a8 > 0 that depend only on b0,b1,b2,b3,d so that
(7) E exp(a6|V |2)≤ 1+a7n−a8 ,
(ii) If we assume that Cov(H j ) = c jd−1I , where I the the d ×d identity matrix, and the di-
mension d ≥ 1 is arbitrary, then the conclusion (5) can be strengthened to
(8) E |V | ≤ a1 log(n)d+1n−1/2.
We will postpone the proof of this result to a later section.
We’ll now consider what kind of Gaussian approximation this implies in our case - our aim
is to apply Proposition 9 to approximate (Cm ,Sm) by a R
2-valued Gaussian random variable.
To do this, we need to scale things a bit differently. Define the following sequence ofR2-valued
random variables (so in the setting of Proposition 9, d = 2)
(9) H j ,m =
(p
prm+1−1p
prm−1+ j
cosθprm−1+ j ,
p
prm+1−1p
prm−1+ j
sinθprm−1+ j
)
.
We now have
|H j ,m |2 ≤
prm+1−1
prm
≤ 2
and
Cov(H j ,m)=
1
2
prm+1−1
prm−1+ j
I = c j ,m I
where 1/2≤ c j ,m ≤ 1. In this notation, we have
(Cm ,Sm)=
1
p
prm+1−1
rm+1−rm∑
j=1
H j ,m =
(
1
2
rm+1−rm∑
j=1
1
prm−1+ j
)1/2
1√∑rm+1−rm
j=1 c j ,m
rm+1−rm∑
j=1
H j ,m
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Proposition 9 (ii) thus yields a sequence of independent standard two-dimensional normal
variables (V (1)n ,V
(2)
n ) for all n ≥ 1, so that the distance between (Cm ,Sm) and(
1
2
rm+1−rm∑
j=1
1
prm−1+ j
)1/2
(V (1)m ,V
(2)
m )
can be controlled.
We may assume that our probability space is large enough for us to write for each m ≥ 1
and i ∈ {1,2} √√√√1
2
rm+1−rm∑
j=1
1
prm−1+ j
V (i )m =
rm+1−1∑
j=rm
1√
2p j
W (i )
j
,
where theW (i )
j
:s are independent standard normal randomvariables for all j ≥ 1 and i ∈ {1,2}.
Finally we can define our Gaussian approximation to the field, its blocks, and frozen versions
of the blocks.
Definition 10. Let (W
( j )
k
)k≥1, j∈{1,2} be i.i.d. standard Gaussians. For any N ≥ 1 and x ∈ [0,1]
the Gaussian approximation of the field XN is given by the Gaussian field
(10) GN (x) :=
N∑
j=1
1√
2p j
(
W (1)
j
cos(x logp j )+W (2)j sin(x logp j )
)
.
Moreover, we define the blocks ofGN as
(11) Zm(x)=
rm+1−1∑
k=rm
1√
2pk
(
cos(x logpk)W
(1)
k
+ sin(x logpk)W (2)k
)
and a "frozen" version of the block as
(12) Z˜m(x)= cos(x logprm )bmV (1)m + sin(x logprm )bmV (2)m ,
where
bm =
√√√√1
2
rm+1−rm∑
j=1
1
prm−1+ j
.
We then the start the analysis of the error produced by our approximations. This is first
performed only for sums over full blocks. We introduce some notation for the errors. Let us
call the error we make by approximating our "frozen" field by the "frozen" Gaussian one by
(13) E˜1,n(x) :=
n∑
m=1
(Y˜m(x)− Z˜m(x)), x ∈ (0,1).
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In a similar vein, the error obtained from the "freezing procedure" is denoted by
(14) E˜2,n(x) :=
n∑
m=1
(
Ym(x)− Y˜m(x)+ Z˜m(x)−Zm(x)
)
, x ∈ (0,1).
whence the total error can be written as
(15) E˜n(x) := E˜1,n(x)+ E˜2,n(x).
We study first the error E˜1,n .
Lemma 11. Assume (in addition to our previous constraints on (rm)) that
(16)
∞∑
m=1
(rm+1− rm)−a4 <∞,
where a4 is the constant from Proposition 9. Then, almost surely there exists a continuous limit
function
(17) E˜1(x) := lim
n→∞ E˜1,n(x),
where the convergence is in the sup-norm over (0,1). Moreover, one has
(18) E exp(λ sup
0≤n′<n
||E˜1,n − E˜1,n′ ||L∞(0,1))<∞ for all λ> 0,
where one applies the convention E˜1,0(x)≡ 0. In particular,
(19) E exp(λ||E˜1||L∞(0,1))<∞ for all λ> 0,
Proof. To prove convergence of E˜1,m , we note that
||E˜1,m−1− E˜1,m ||L∞(0,1) ≤ |(Cm ,Sm)−bm(V (1)m ,V (2)m )|
= bm
∣∣∣∣∣∣∣
1√∑rm+1−rm
j=1 c j ,m
rm+1−rm∑
j=1
H j ,m − (V (1)m ,V (2)m )
∣∣∣∣∣∣∣ .
We then recall that we assumed that rm+1/rm → 1 so we see from the prime number theo-
rem (and a crude estimate on the sum) that for some constantC > 0
b2m ≤C
rm+1− rm
rmmax(logrm ,1)
so we see that bm → 0 and in particular, it is bounded. Thus by Proposition 9 (6), we have for
some constantsC ,C˜
E ||E˜1,m−1− E˜1,m ||L∞(0,1) ≤CE(e |(
∑rm+1−rm
j=1 c j ,m )
−1/2∑rm+1−rm
j=1 H j ,m−(V
(1)
m ,V
(2)
m )|−1)
≤ C˜ (rm+1− rm)−a4 .
Thus by our assumption on (rm), the series
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(20) E˜1 =
∞∑
m=1
(E˜1,m − E˜1,m−1)
converges in L∞(0,1).
We next use the crude estimate
sup
0≤n′<n
||E˜1,n − E˜1,n′ ||L∞(0,1) ≤
∞∑
m=1
(|bmV (1)m −Cm|+ |bmV (2)m −Sm |)
≤
p
2
∞∑
m=1
|(Cm ,Sm)−bm(V (1)m ,V (2)m )|,
so that by independence and Proposition 9
E exp(λ sup
0≤n′<n
||E˜1,n − E˜1,n′ ||L∞(0,1))≤
∞∏
m=1
Ee
p
2λ|(Cm ,Sm)−bm (V (1)m ,V (2)m )|
≤
∞∏
m=1
(
1+a2e2a3λ
2b2m (rm+1− rm)−a4
)
As we saw that bm is bounded and we find for some constantC (depending on λ) that
E exp(λ sup
0≤n′<n
||E˜1,n − E˜1,n′ ||L∞(0,1))≤
∞∏
m=1
(
1+C (rm+1− rm)−a4
)
≤ eC
∑∞
m=1(rm+1−rm )−a4 ,
and (18) follows. Finally, (19) is an obvious consequence of (18).

Let us then estimate the error due to the freezing procedure.
Lemma 12. Assume that the sequence (rm) is chosen so that
(21)
∞∑
m=1
(rm+1− rm)(prm+1−prm )2
r 3m
<∞.
Then, almost surely there exists the continuous limit function
(22) E˜2(x) := lim
n→∞ E˜2,n(x),
where the convergence is in the sup-norm over (0,1). Moreover, for small enough a > 0we have
both
(23) E exp
(
a‖E˜2‖2L∞(0,1)
)
<∞
and
(24) E exp
(
a sup
0≤n′<n
‖E˜2,n − E˜2,n′‖2L∞(0,1)
)
<∞
Consequently,
(25) E exp
(
λ‖E˜2‖L∞(0,1)
)
<∞ for all λ> 0 and
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(26) E exp
(
λ sup
0≤n′<n
||E˜2,n − E˜2,n′ ||L∞(0,1)
)
<∞ for all λ> 0.
Proof. For the reader’s convenience we first recall a standard estimate for the sup-norm of a
given function g ∈C 1(0,1). For arbitrary x, y ∈ (0,1) we may estimate
|g (x)| = |g (y)+
∫x
y
g ′(t )dt | ≤ |g (y)|+
∫1
0
|g ′(t )|dt .
Since x is arbitrary, by integratingwith respect to y and using the Cauchy-Schwarz inequality
we obtain
(27) ‖g‖L∞(0,1) ≤
∫1
0
(|g ′(t )|+ |g (t )|)dt ≤ 2
(∫1
0
(|g ′(t )|2+|g (t )|2)dt
)1/2
:= 2||g ||W 1,2(0,1)
Recall that
Ym(x)− Y˜m(x)+ Z˜m(x)−Zm(x)(28)
=
rm+1−1∑
k=rm
1
p
pk
(
cosθpk −2−1/2W (1)k
)(
cos(x logpk))−cos(x logprm )
)
+
rm+1−1∑
k=rm
1
p
pk
(
sinθpk −2−1/2W (2)k
)(
sin(x logpk))− sin(x logprm )
)
.
As (Ym−Y˜m+ Z˜m−Zm) is independent of (Ym′−Y˜m′+ Z˜m′−Zm′) form 6=m′, and these objects
have vanishing expectation, we have
E‖E˜n,2− E˜n′,2||2L∞(0,1) ≤ 2
n∑
m=n′+1
∫1
0
(
E(Ym(x)− Y˜m(x)+ Z˜m(x)−Zm(x))2(29)
+E(Y ′m(x)− Y˜ ′m(x)+ Z˜ ′m(z)−Z ′m(x))2
)
dx.
Observe that for all x ∈ (0,1) we have(
cos(x logpk)−cos(x logprm )
)2+ (sin(x logpk)− sin(x logprm ))2(30)
= 2(1−cos(x(logpk − logprm ))) ≤ (log(pk/prm ))2.
Moreover,
| logp sin(x logp)− logq sin(x logq)| ≤ logp|sin(x logp)− sin(x logq)|+ | logp− logq |
≤ 2logp| logp− logq |
and as a similar estimate is valid for the cosine term, we deduce that( d
dx
(
cos(x logpk)−cos(x logprm )
))2
+
( d
dx
(
sin(x logpk)− sin(x logprm )
))2
(31)
≤ 8
(
log(prm ) log(pk/prm )
)2
.
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By dividing the sum (28) into two parts1, where the first one corresponds to the random vari-
ables θp j and the second one the random variables W
(i )
j
(and then use the elementary in-
equality (a+b)2 ≤ 2(a2+b2)), we may perform for both parts an identical computation that
uses independence and the previous estimates to obtain for any x ∈ (0,1)
E(Ym(x)− Y˜m(x)+ Z˜m(x)−Zm(x))2+E(Y ′m(x)− Y˜ ′m(x)+ Z˜ ′m(z)−Z ′m(x))2(32)
≤ 36
rm+1−1∑
k=rm
1
pk
(
log(prm ) log(pk/prm )
)2
. (rm+1− rm)
log2 prm
p3rm
(prm+1−1−prm )2.
By summing overm ∈ {n′+1, . . . ,n} and integrating over (0,1) it follows that
E‖E˜n,2− E˜n′,2‖2L∞(0,1).
n∑
m=n′+1
(rm+1− rm)
log2prm
p3rm
(prm+1−1−prm )2.
Then Levy’s inequality (see [19, Lemma 1., p. 14 ], applied here to ourC (0,1)−valued symmet-
ric random variables) yields that
(33) E
(
sup
n′≤r≤n
‖E˜r,2− E˜n′,2‖2L∞(0,1)
)
.
n∑
m=n′+1
(rm+1− rm)
log2prm
p3rm
(prm+1−1−prm )2.
Using the prime number theorem, we can bound this series by one appearing in the assump-
tions of this lemma. Thus the series above converges and this enables us to pick a subse-
quence (nℓ) with the property
nℓ+1∑
m=nℓ+1
(rm+1− rm)
log2prm
p3rm
(prm+1−1−prm )2 < ℓ−6 for all ℓ≥ 1.
Borel-Cantelli lemma combined with (33) yields an almost surely finite index ℓ0(ω) such that
sup
nℓ+1≤u≤nℓ+1
‖E˜u,2− E˜nℓ,2‖L∞ ≤ ℓ−2 for ℓ≥ ℓ0(ω),
summing over l , this yields the statement (22) on the convergence.
In order to consider the double exponential integrability of our random variable, let us de-
fine the sequence (ck) by setting ck = 8p−1/2rm log(prm ) log(pk/prm ) for rm ≤ k ≤ rm+1 − 1 and
m ≥ 1. Fix any x ∈ (0,1) and observe that (28) and our estimates (30) and (31) show that we
may write
E˜ ′2(x)=
∞∑
k=1
Ak(x) and E˜2(x)=
∞∑
k=1
Bk(x),
where the symmetric random variables Ak(x) can be written in the form Ak(x) = A1,k(x)+
A2,k (x), so that the random variables A1,k (x) in turn are independent and satisfy the bound
1Here one should note that the variable θp j inside a block is not necessarily independent of any of the vari-
ablesW (i)
j
inside the same block!
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|A1,k (x)| ≤ ck for all k. In turn, the variables A2,k are independent centered Gaussians with
E(A2,k (x))
2 ≤ c2
k
. Note that in particular, the argument for uniform convergence of E˜n,2 goes
through essentially unchanged for proving uniform convergence of E˜ ′n,2 so we can indeed dif-
ferentiate term by term. Our previous computations for (32) verify that
∑∞
k=1 c
2
k
<∞. A similar
decomposition is valid for the terms Bk(x) with the same bounds. Azuma’s inequality applied
to the bounded summands, and a trivial estimate to the Gaussian sums (along with Hölder to
allow us to consider the Gaussian and non-Gaussian case separately) yields for small enough
a > 0 the existence of a finite constantC such that both
(34) E exp
(
a|E˜2(0)|2
)
≤C and E exp
(
a|E˜ ′2(x)|2
)
≤C for all x ∈ [0,1].
In particular, Fubini yields that
(35) E
∫1
0
exp
(
a|E˜ ′2(x)|2
)
dx <∞.
By the first inequality in (34) it is enough to show that supx∈(0,1) |E2(x)−E2(0)| has the desired
exponential integrability. However, now supx∈(0,1) |E˜2(x)− E˜2(0)| ≤
∫1
0 |E˜ ′2(x)|dx and since t 7→
exp(at2) is convex we obtain by Jensen’s inequality
(36) exp
(
a
(∫1
0
|E˜ ′2(x)|dx
)2)
≤
∫1
0
exp
(
a|E˜ ′2(x)|2
)
dx
and (23) is obtained by taking expectations and remembering (35). This improves to (24) by
Levy’s inequality, perhaps by making a smaller if needed, and finally (25) and (26) follow im-
mediately.

We next combine the error estimates proven so far and make the final choice for the sub-
sequence (rm). For that purpose we need the following well-known lemma, whose proof we
include for the reader’s convenience.
Lemma 13. For large enough n it holds that
−ne−
p
logn . pn −Li−1(n).ne−
p
logn .
Proof. We note first that the inverse Li−1 is convex since Li itself is concave. Furthermore, we
have (Li−1)′(x)= log(Li−1(x))≤ log(2x log(x))≤ 2log(x) for large enough x. Hence, as a suitable
quantitative version of the prime number theorem verifies that for any c ≥ 1 |π(x)−Li(x)| =
O
(
x exp(−c
√
log x)
)
, so we have n =π(pn)≤ Li(pn)+ne−2
p
logn . In particular,
pn ≥ Li−1(n−ne−2
p
logn)≥ Li−1(n)−ne−2
p
logn(Li−1)′(n)≥ Li−1(n)−ne−
p
logn .
The proof of the other direction is analogous. 
Proposition 14. Fix α ∈ (0,2/5) and define rm = ⌊exp(mα)⌋. Then the combined error E˜n(x) =
E˜n,1(x)+ E˜n,2(x) a.s. converges uniformly on (0,1) to a continuous limit function
E (x) := lim
n→∞(E˜n,1(x)+ E˜n,2(x)).
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Moreover, it holds that
(37) E exp
(
λ‖E‖L∞(0,1)
)
<∞ and E exp
(
λ sup
0≤n′<n
‖E˜n− E˜n′‖L∞(0,1)
)
<∞ for all λ> 0.
Proof. We first recall the condition of Lemma 11 - namely that the first error term converges
as soon as
(38)
∞∑
m=1
(
rm+1− rm
)−a4 <∞.
Lemma 13 yields for our sequences that prm+1 − prm . (rm+1 − rm) logrm + rme−
p
logrm . By
plugging this into condition (21) we see that a sufficient condition to apply Lemma 12 in order
to control the second error term is given by the pair of conditions
(39)
∞∑
m=1
(rm+1− rm
rm
)3
log2(rm)<∞ and
∞∑
m=1
e−3
p
logrm <∞.
Finally, it remains to observe that the choice rm = ⌊exp(mα)⌋ satisfies both (38) and (39) as
soon as α ∈ (0,2/5). 
To complete the approximation procedure, we verify that the fields GN are good approxi-
mations also for indices N inside the interval rm ≤N < rm+1.
Theorem 15. Denote the total error of the Gaussian approximation by setting
(40) EN (x) := XN (x)−GN (x) for N ≥ 1 and x ∈ (0,1).
Then, almost surely, EN (x) converges uniformly on (0,1) to a continuous limit function
E (x) := lim
N→∞
EN (x),
where the obtained limit is of course the same as in Proposition14. Moreover, it holds that
(41) E exp
(
λ‖E‖L∞(0,1)
)
<∞ and E exp
(
λsup
N≥1
‖EN‖L∞(0,1)
)
<∞ for all λ> 0.
Proof. After proposition 14 it is enough to show that any given partial sum of the original se-
ries is in fact well approximatedby the sumof the blocks below it, and that a similar statement
holds also true for the Gaussian approximation series. Let us fixm ≥ 1 and recall our notation
Ym(x)=
rm+1−1∑
k=rm
1
p
pk
(
cos(θpk )cos
(
logpkx
)
+ sin(θpk )sin
(
logpkx
))
=:
rm+1−1∑
k=rm
Ak(x),
which is just the partial sumof our original field XN corresponding to them:th block. Observ-
ing first that
rm+1−1∑
k=rm
log2 pk
pk
.
⌊e(m+1)α ⌋∑
k=⌊emα ⌋
log2k
k logk
. log⌊e (m+1)α⌋ log
(
exp
(
(m+1)α−mα
))
.mαmα−1
. m−1/5,
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Azuma’s inequality yields
P(|Y ′m(x)| ≥λ). exp
(
−c ′λ2
( rm+1−1∑
k=rm
log2pk
pk
)−1)
. exp
(
−c ′λ2m1/5
)
.
In particular, we obtain that for some constants c ′′,C that work for all x ∈ (0,1) we have
E exp(c ′′m1/5|Y ′m(x)|2)≤C .
A similar estimate holds with Ym(x) in place of Y
′
m(x). As in the proof (23) (see (27), (35) and
(36)) we deduce that E exp(c ′′′m1/5‖Ym(x)‖2L∞(0,1))≤C , and again Levy’s inequality enables us
to gather that
(42) P
(
max
rm≤u≤rm+1−1
‖
u∑
k=rm
Ak‖L∞(0,1) >λ
)
. exp(−c ′′′m1/5λ2).
Summing overm yields for λ≥ 1
(43) P
(
sup
m≥1
max
rm≤u≤rm+1−1
‖
u∑
k=rm
Ak‖L∞(0,1) >λ
)
.
∞∑
m=1
exp(−c ′′′m1/5λ2). exp(−c ′′′′λ2).
Exactly the same proof where Azuma is replaced by elementary estimates for Gaussian vari-
ables yields the corresponding estimate for our Gaussian approximationfields. An easy Borel-
Cantelli argument that uses estimates like (43) in combinationwith Proposition 14then shows
the existence of the uniform limit E (x) = limN→∞EN (x). Finally, combining (43) with (37)
yields (41). Together with our previous considerations this concludes the proof of the theo-
rem. 
4. CONVERGENCE TO A CHAOS MEASURE AND MULTIFRACTALITY IN THE SUBCRITICAL CASE
For a proper introduction to the theory ofGaussianmultiplicative chaos,we refer the reader
to Kahane’s original work [20] or the recent review by Rhodes and Vargas [24]. For the conve-
nience of the reader, we nevertheless recall the main results from the theory that are relevant
to us.
Theorem 16. Assume that we have a sequence of independent Gaussian fields (Yk)
∞
k=1 on [0,1]
and the covariance kernel of Yk is KYk , where KYk is continuous on [0,1]. Define the field
Xn =
n∑
k=1
Yk ,
and assume that the covariance kernel KXn converges as n→∞ locally uniformly in [0,1]2\{x =
y} to a function on [0,1]2 which is of the form
log
1
|x− y | + g (x, y),
where g is bounded and continuous. Moreover, assume that there is a constant C <∞ so that
(44) KXn (x, y)≤ log
1
|x− y | +C for all x, y ∈ [0,1] and n ≥ 1.
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Then for β> 0 the randommeasure
νβ,n(dx)=
eβXn (x)
EeβXn (x)
dx
converges almost surely with respect to the topology of weak convergence of measures to a non-
trivial limiting measure νβ. This limiting measure is a non-trivial random measure for β <
βc =
p
2 and for β≥ βc , it is the zero measure. Moreover, if 0< β <
p
2, and 0< p < 2/β2, then
for a compact set A ⊂ [0,1]
E(νβ(A)
p)<∞.
Also for q ∈ [0,2/β2)
lim
r→0
logE(νβ(B(x,r ))
q )
logr
= (1+ β
2
2
)q− β
2
2
q2.
Proof. (Sketch) By (44) and Kahane’s convexity inequality (see [24, Theorem 2.1]) one may
easily compare to a standard approximation of a chaos measure and deduce that for any β<
βc the random variables νβ,n([0,1]) form an L
p-martingale. At this stage the standard theory
of multiplicative chaos can be applied to obtain the rest of the claims, see e.g. [24, Theorems
2.5,2.11, and 2.14].

To apply Kahane’s construction of a Gaussian multiplicative chaos measure, we’ll need to
establish that the covariance of our Gaussian field satisfies the requirements of Theorem 16.
Let us introduce some notation for the covariance of the N :th partial sum of the Gaussian
approximation field
GN (x)=
N∑
j=1
1√
2p j
(
W (1)
j
cos(x logp j )+W (2)j sin(x logp j )
)
.
A direct computation shows that
KGn (x− y) := EGn(x)Gn(y)=ψN (x− y),
where
ψN (u) :=
1
2
N∑
j=1
cos(u logp j )
p j
.
The following result is enough for us to be able to apply Kahane’s theory for defining a
multiplicative chaosmeasure. It is of interest to note that we are dealingwith a logarithmically
correlated translation invariant field whose covariance deviates from 1
2
log(1/|x− y |) by only a
smooth function.
Lemma 17. We have ∣∣∣KGN (x, y)− 12 log
(
min
( 1
|x− y | , logN
))∣∣∣ ≤ C ,
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where C is uniform over n ≥ 1 and (x, y) ∈ (0,1).Moreover, if x 6= y
KGn (x, y)−→KG(x, y)=
1
2
log
(
1
|x− y |
)
+ g (x− y) as n→∞,
with local uniform convergence outside the diagonal. Moreover g ∈ C∞(−2,2). A fortiori, the
limit fieldG is logarithmically correlated and translation invariant.
Before proving the lemma, let us note that Theorem7is a direct consequence of this Lemma
and Theorem 15.
Proof. We shall employ the notation where z ∼
unif
z˜ for given quantities z = zN (u), z˜ = z˜N (u)
stands for the uniform inequality |zN (u)− z˜N (u)| ≤ C with a universal bound C and such
that limN→∞(zN (u)− z˜N (u)) converges uniformly to a continuous function on the interval
u ∈ [−2,2]. We shall employ the well-known asymptotics
(45) p j = j log j +O( j loglog j ).
This implies that
∑∞
j=1
| logp j−log( j log j )|
p j
< ∞ and since the cosine function is 1-Lipschitz we
obtain
ψN (u) ∼
unif
1
2
N∑
j=1
cos
(
u log( j log j )
)
p j
.
In a similar vein,
∑∞
j=1
∣∣p−1
j
− ( j log j )−1
∣∣<∞which leads to
(46) ψN (u) ∼
unif
1
2
N∑
j=1
cos
(
u log( j log j )
)
j log j
.
Next we observe that for all u ∈ [−2,2] and x ≥ 10∣∣∣∣ ddx
(
cos
(
u log(x logx)
)
x logx
)∣∣∣∣ ≤ 6x2 logx .
Since
∫∞
10 (x
2 logx)−1dx <∞, it follows that
(47) ψN (u) ∼
unif
1
2
∫N
x=10
cos
(
u log(x logx)
)
dx
x logx
.
To continue, we note that ∫∞
x=10
∣∣∣∣1− 1+ logxlogx+ loglogx
∣∣∣∣ dxx logx <∞
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so that
ψN (u) ∼
unif
1
2
∫N
x=10
cos
(
u log(x logx)
)
log(x logx)
(1+ logx)dx
x logx
∼
unif
1
2
∫logN+log logN
1
cos(ut )
t
d t ∼
unif
1
2
∫logN
1
cos(ut )
t
d t(48)
= 1
2
∫u logN
u
cos(x)
x
dx =: A(u,N ).
Above in the first step we performed the change of variables u = log(x logx) and noted that
du = (1+ logx)dx/x logx. In the second to last step noted that ∫logN+log logN
logN
t−1dt = o(1) as
N→∞.
It remains to prove the claim for A(u,N ) defined in (48). Since the limit limz→∞
∫z
1
cos(x)
x
dx
exists and is finite, we see directly from the definition that for any ε0 > 0 in the set {ε0 ≤ |u| ≤ 2}
the function A(u,N ) converges uniformly to a continuous function of u as N→∞. Moreover,
since
∫1
0 |cos(x)−1|x−1dx <∞, we get for |u| ≥ (logN )−1
|A(u,N )−
∫1
u
x−1dx| = |A(u,N )− log(1/u)| ≤C ,
whereC is independent of N and u. Finally, if |u| ≤ (logN )−1 we get in a similarmanner
|A(u,N )−
∫u logN
u
x−1dx| = |A(u,N )− loglogN | ≤C ′,
and now C ′ is independent of N and u ∈ {|u| ≥ (logN )−1}. This proves the first statement of
the lemma.
By (48) we deduce that there is a continuous function b˜(u) on [−2,2] so that the limitψ of
the functionsψN takes the form
ψ(u)= b˜(u)+ 1
2
∫∞
u
cos(t )
t
d tu = 1
2
log
(
|u|−1
)
+b(u) for 0< |u| < 2,(49)
with b ∈ C ([−2,2]) as u 7→
∫u
0 (cos(x)− 1)x−1dx is continuous over x ∈ [−2,2]. Especially, we
know thatψ(x−y) yields the covariance operator of our limit field since the estimateswe have
proven show thatψN (x− y) 7→ψ(x− y) in L2([0,1]2), and convergence in the Hilbert-Schmidt
norm is enough to identify the limit covariance of a sequence of Gaussian fields converging
a.s. in the sense of distributions. We still want to upgrade b to be smooth. For that endwe first
fix δ0 > 0 and observe that what we have proved up to now (see especially (48) ) yields that we
have
(50) ψ(u)= 1
2
Re
(
lim
N→∞
N∑
j=1
p−1−iuj
)
with uniform convergence in the set {δ0 ≤ |u| ≤ 2}. However, if we apply exactly the same
argument as above to the sum Re
(∑N
j=1 p
−1−ε−iu) for, say, ε ∈ [0,1/2], we obtain uniform (in
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ε) estimates for the convergence of the series
Re
(
∞∑
j=1
p−1−ε−iuj
)
for any fixed u ∈ (0,2). Especially, we deduce by invoking the logarithm of the Euler product
of the Riemann zeta function that
ψ(u) = lim
ε→0+
1
2
Re
(
∞∑
j=1
p−1−ε−iuj
)
(51)
= lim
ε→0+
1
2
Re
(
ζ(1+ε+ iu)−
∞∑
k=2
∞∑
j=1
k−1p−k(1+ε+iu)
j
)
= 1
2
Re
(
ζ(1+ iu)−
∞∑
k=2
∞∑
j=1
k−1p−k(1+iu)
j
)
,
=: 1
2
Re
(
log(ζ(1+ iu))− A(u)
)
,
as the last written double sum converges absolutely (uniformly in ε). It remains to note that
log(ζ(1+ iu)) is real analytic on (0,∞), and the function A is C∞-smooth on the same set as
term wise differentiation of A ℓ times with respect to u produces a series with the majorant
series ∑
p
∞∑
k=2
kℓ−1p−k logℓp ≤
∑
p
p−3/2
( ∞∑
r=0
(r +2)ℓ−1p−r
)
<∞.

Before proving the convergence of the subcritical chaos we still need to note that the ex-
pectation of the exponential martingale obtained via the Gaussian approximation converges
(apart from a multiplicative constant) with the same rate as that of our original exponential
martingale.
Lemma 18. For any β> 0 there is a constant C =C (β) such that
C−1E exp(βGN )≤ E exp(βXN )≤CE exp(βGN ) for all N ≥ 1.
Proof. Note first that there is an a0 > 0 such that for arbitrary y ∈ R the asymptotics of the
Laplace transform satisfy:
E exp
(
λ(cos(θp)cos(y)+ sin(θp )sin(y))
)
= exp(1
4
λ2+O(λ3)) for |λ| ≤ a0.
This can be seen by noting that the Laplace transform is analytic, symmetric and has sec-
ond derivative equal to 1 at zero since E
(
cos(θp)cos(y)+ sin(θp)sin(y)
)2 = 1/2 for all y . Since
(pk)
−1/2→ 0 as k→∞, and∑∞
k=1((pk)
−1/2)3 <∞, we may apply independence and the above
asymptotics for large enough k (depending on β) to deduce that
E exp(βXN )≈ exp
(β2
4
N∑
k=1
1
pk
)
= E exp(βGN ).
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
Remark 19. Note that in our case the asymptotic covariance has a singularity of the form
−1
2
log |x − y | instead of − log |x − y | as in Theorem 16. This simply means that we replace β
by β/
p
2 in Theorem 16.
One should note that combining the above lemmas we see that
(52) E exp(βXN )≈ E exp(βGN )≈ exp(
β2
4
loglogN )= (logN )β2/4 for N ≥ 1.
Finally we are ready for:
Proof of Theorem 4. Consider the Gaussian field G that is the limit of the fields GN . For β < 2
the corresponding log-normal chaos exists due to Theorem 16, and the approximating mea-
sures obtained from the fields GN converge to νβ. Especially, there is a p˜ > 1 such that νβ
satisfies E(νβ,N (0,1)
p˜) ≤C <∞ for all N ≥ 1. Recall that we want to prove that for each con-
tinuous f : [0,1]→ R+, µN ,β( f ) converges almost surely to a non-trivial random variable. By
the construction of the measure, this is a positive martingale, so it is enough to prove that it
is bounded in Lp for some p > 1. For this it is then enough to show that µN ,β(0,1) is bounded
in Lp for some p > 1. Choose p ∈ (1, p˜) and consider the approximating measures µβ,N cor-
responding to the fields XN (x). Since the normalisation factors are comparable, we obtain by
Hölder’s inequality and Theorem 15
Eµβ,N (0,1)
p ≤ E
(
exp(pβ‖EN‖L∞(0,1))(νβ,N (0,1))p
)
≤
(
E exp
(
p(p˜/p)′β‖EN‖L∞(0,1)
))1/(p˜/p)′ (
E(νβ,N (0,1))
p˜
)p/p˜ ≤C ′,
where ′ denotes the Hölder conjugation. This yields uniform integrability of µN ,β(0,1) which
proves the existence of a non-trivial limit. The second claim is then a direct consequence of
Theorem 15.
For β≥βc , we see similarly using Theorem 16 and Theorem 15 that µβ,N converges to zero
since νβ,N converges to zero. 
We can also immediately prove Proposition 6.
Proof of Proposition 6. As in our proof that themartingale (µβ,N )N is uniformly integrable, we
note that for 0< q < p˜, and for any x ∈ (0,1) and r > 0
(53) lim
N→∞
E(µβ,N (B(x,r ))
q )= E(µβ(B(x,r ))q ).
Let us first note that
(54) e−β||EN ||L∞(0,1) ≤
µβ,N (B(x,r ))∫x+r
x−r
eβGN (y)
EeβXN (y)
dy
≤ eβ||EN ||L∞(0,1) .
Then take ǫ> 0 so small that (1+ǫ)q< qc . Arguing as in the proof of Theorem4withHölder’s
inequality we have for some constantC > 0
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(55) E(µβ(B(x,r ))
q )≤C
(
Eνβ(B(x,r ))
q(1+ǫ)) 11+ǫ .
As the covariance of the limiting Gaussian field is of the form −1
2
log |x − y | + g (x − y), we
know how the expectation here scales in r (see e.g. [24, Theorem 2.14]):
(56) Eνβ(B(x,r ))
q(1+ǫ) ∼ r (1+β2/2)q(1+ǫ)−(q(1+ǫ))2β2/2.
Taking logarithms, dividing by logr , letting r → 0 and then ǫ→ 0 we get the correct upper
bound.
For the lower bound, we use the reverseHölder inequality: let p > 1, f and g bemeasurable
such that g 6= 0 almost surely. Then
(57) E | f g | ≥
(
E | f |1/p
)p (
E |g |−1/(p−1)
)−(p−1)
.
With a similar argument simply replacingHölder’s inequality by the reverseHölder inequal-
ity we find for someC =C (β,q,ǫ)> 0
(58) E(µβ(B(x,r ))
q )≥C
(
Eνβ(B(x,r ))
q/(1+ǫ))1+ǫ .
Performing the same steps as above we get the lower bound as well.

5. THE CRITICAL MEASURE
In this section we establish the existence of the critical measure. We’ll do this by showing
thatGN (x)= G˜N (x)+DN (x), whereDN converges almost surely to a nice continuousGaussian
field and G˜N is sequence of Gaussian fields for which the critical measure can be shown to
exist (using results from [18]). More precisely, the result we’ll need is:
Theorem20 ([18, Theorem 1.1]). Let (XN ) and (X˜N ) be two sequences of Hölder regular Gauss-
ian fields on [0,1] (that is, (x, y)→
√
E(XN (x)−XN (y))2 is Hölder continuous on [0,1]2 ). As-
sume that AN e
X˜N (x)− 12E X˜N (x)2dx converges weakly in distribution to an almost surely non-ato-
mic measure µ˜, where AN is a deterministic scalar sequence. Assume further that the covari-
ances CN (x, y) = EXN (x)XN (y) and C˜N (x, y) = E X˜N (x)X˜N (y) satisfy the following conditions:
there exists a constant K ∈ (0,∞) (independent of N) such that for all N ≥ 1,
(59) sup
x,y∈[0,1]
|CN (x, y)−C˜N (x, y)| ≤K
and for each δ> 0
(60) lim
N→∞
sup
|x−y |>δ
|CN (x, y)−C˜N (x, y)| = 0.
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Then also Ane
XN (x)− 12EXN (x)2dx converges weakly to µ˜.
To do this, we thus need a reference approximation for which convergence is known, and a
representation of our field which gives us good control on the covariance. Let us first discuss
the reference field.
For this, we recall a construction from [4] andmake use of results in [12].
Definition 21. LetW denote a white noise on R× [−1/2,3/2]. For t ∈R and x ∈ [0,1], write
(61) G˜t (x)=
1p
2
∫t
−∞
∫3/2
−1/2
1
{
|x− y | ≤ 1
2
min(e−s ,1)
}
e s/2W (ds,dy).
The covariance of the field is
(62) E
(
G˜t (x)G˜t (y)
)
=
{
1
2
[
1+ t −e t |x− y |
]
, |x− y | ≤ e−t
−1
2
log |x− y |, e−t ≤ |x− y | ≤ 1 .
Obviously the above field is Hölder-regular as it is C 1. As pointed out in [12, Remark 3],
the main results of [12] apply also to the measure
p
te2G˜t (x)−2EG˜t (x)
2
dx , whence it converges
weakly in probability to a non-trivial, and non-atomic randommeasure, as t→∞.
Our next task is to then approximate our field by one whose covariance we can control.
We’ll carry this out in several steps. While perhaps the results we need might follow from
general results for Gaussian processes, we will repeat a variation of our argument in Lemma
12 several times. Our first step is to consider amore concrete sum -we replace the summation
over primes by a more regular one in terms of the Logarithmic integral: define
(63) GN ,1(x)=
N∑
j=1
1√
2Li−1( j )
[
W (1)
j
cos(x logLi−1( j ))+W (2)
j
sin(x logLi−1( j ))
]
.
Let us show that this is a good approximation toGN .
Lemma 22. There exists a random continuous function F1 : [0,1]→ R such that almost surely,
GN ,1−GN converges to F1 uniformly.
Proof. Let us write FN ,1 = GN ,1 −GN . Our argument is very similar to the proof of Lemma
12. Due to this, we won’t go through all of the details. Again, it will be enough to estimate
E ||FN ,1 −FM ,1||2L∞(0,1) and we’ll do this by making use of the fact that we can bound the sup-
norm by the Sobolev norm in our case. For the Sobolev norm, we note that it follows from
Lemma 13 that
MULTIPLICATIVE CHAOS MEASURES FOR A RANDOM MODEL OF THE RIEMANN ZETA FUNCTION 23
∣∣∣∣∣∣∣
1√
2p j
cos(x logp j )−
1√
2Li−1( j )
cos(x logLi−1( j ))
∣∣∣∣∣∣∣.
|p j −Li−1( j )|
p3/2
j
(64)
.
j e−
p
log j
( j log j )3/2
.
A similar estimate holds for the sine-term. Differentiating only gives an extra log j here. So
we see that ifM <N , then using the Sobolev bound one finds
(65) E ||FN ,1−FM ,1||2L∞(0,1).
N∑
j=M+1
e−2
p
log j
j log j
,
which is bounded in N and M . We can then proceed as in Lemma 12, using again Lévy’s
inequality. 
Next we find it useful to move to the continuous Fourier side and perform further smooth-
ing there. We’ll do this by first replacing the Gaussian blocks by Wiener integrals. More pre-
cisely, consider B (1)t and B
(2)
t two independent Brownian motions, and let us assume that the
Gaussian variablesW (i )
j
are constructed from B (i )t in the following manner:
(66) W (i )
j
=
∫Li−1( j+1)
Li−1( j )
dB (i )t√
Li−1( j +1)−Li−1( j )
.
First of all, we claim the following:
Lemma 23. Let
GN ,2(x)=
N∑
j=1
∫Li−1( j+1)
Li−1( j )
cos(x log t )p
2t
dB (1)t√
Li−1( j +1)−Li−1( j )
(67)
+
N∑
j=1
∫Li−1( j+1)
Li−1( j )
sin(x log t )p
2t
dB (2)t√
Li−1( j +1)−Li−1( j )
.
Then almost surely, GN ,2−GN ,1 converges uniformly to a continuous function F2.
Proof. This is very similar to the previous lemma, and again we’ll follow the proof of Lemma
12. By Ito’s isometry, to get a hold of the expectation of the square of the Sobolev norm, we
now only need to estimate
(68)
1
Li−1( j +1)−Li−1( j )
∫Li−1( j+1)
Li−1( j )
cos(x logLi−1( j ))√
2Li−1( j )
− cos(x log t )p
2t

2
dt ,
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and a similar derivative term. The integral above is O
(Li−1( j+1)−Li−1( j )
Li−1( j )3/2
)
= O
(
j−3/2 log−1/2( j )
)
,
while the derivative term comes with an extra log2 j . Both of these are summable over j , so
we can conclude as before. 
To proceed, we’ll want to replace the 1/
√
Li−1( j +1)−Li−1( j ) by something more conve-
nient. More precisely, we’ll make use of the following approximation.
Lemma 24. Let
(69) GN ,3(x)=
∫Li−1(N+1)
Li−1(1)
cos(x log t )p
2t
dB (1)t√
log t
+
∫Li−1(N+1)
Li−1(1)
sin(x log t )p
2t
dB (2)t√
log t
.
Then almost surely, as N →∞, GN ,3 −GN ,2 converges uniformly to a random continuous
function F3.
Proof. Again the reasoning is an in Lemma 12. Now we need to estimate terms of the form
(70)
∫Li−1( j+1)
Li−1( j )
 1√
Li−1( j +1)−Li−1( j )
− 1√
log t

2
cos2(x log t )
2t
d t ,
and corresponding oneswith a sine or similar ones comingwith a factor of log2 t coming from
the derivative term in the Sobolev estimate. To estimate such a term, we see that it is enough
for us to estimate the difference |Li−1( j + 1)−Li−1( j )− log t | for t ∈ [Li−1( j ),Li−1( j + 1)]. For
this, we note that
Li−1( j +1)−Li−1( j )=
∫Li−1( j+1)
Li−1( j )
dt =
∫ j+1
j
log(Li−1(s))ds,(71)
where we made the change of variable t = Li−1(s), and used the fact that Li′(x)= 1/logx. Due
to the asymptotics Li−1( j )∼ j log j and (Li−1)′( j )∼ log j we thus have for t ∈ [Li−1( j ),Li−1( j +
1)]
(72)
∣∣Li−1( j +1)−Li−1( j )− log t ∣∣≤ log Li−1( j +1)
Li−1( j )
.
Li−1( j +1)−Li−1( j )
Li−1( j )
. j−1.
Hence the square of the Sobolev norm can be bounded by O
(
( j log j )−3
)
, which is summa-
ble and the rest of the proof goes through as before. 
Wenote that e−s/2dB (i )
es
= dB˜ is are standard independent Brownianmotions. After perform-
ing a change of variables in the integral we thus obtain
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GN ,3(x)=
∫logLi−1(N+1)
logLi−1(1)
cos(xs)p
s
dB (1)
esp
2e s/2
+
∫logLi−1(N+1)
logLi−1(1)
sin(xs)p
s
dB (2)
esp
2e s/2
(73)
= 2−1/2
∫logLi−1(N+1)
logLi−1(1)
cos(xs)p
s
dB˜ (1)s +2−1/2
∫logLi−1(N+1)
logLi−1(1)
sin(xs)p
s
dB˜ (2)s(74)
We now want to replace 1/
p
s by something that will allow us to reach the desired covari-
ance in the limit. Let us consider the translation invariant covariance, already alluded to be-
fore, that is induced by the functionC (x)=max(− log |x|,0). Then
Ĉ (k)=
∫1
−1
e ikx log
1
|x|dx(75)
= 2
∫1
0
cos(kx) log
1
x
dx
= 2
k
∫k
0
cos y log
k
y
d y
= 2
k
∫k
0
sin y
y
d y,
where in the last step we integrated by parts. This is positive (as it should since it’s the Fourier
transform of a translation invariant covariance), and as k→∞, it behaves likes π/k+O (k−2).
Thus it should be possible to replace 1/
p
s in our field by
√
Ĉ (s)/
p
π, which will turn out to be
precisely what we need.
Lemma 25. Let
GN ,4(x)=
1p
π
∫logLi−1(N+1)
logLi−1(1)
√
Ĉ (s)cos(xs)
dB (1)
esp
2e s/2
+ 1p
π
∫logLi−1(N+1)
logLi−1(1)
√
Ĉ (s)sin(xs)
dB (2)
esp
2e s/2
.
(76)
Then almost surely, GN ,4−GN ,3 converges uniformly to a random continuous function F4.
Proof. In this case, making use of the same Sobolev estimate as before would lead to a non-
summable series, but we still can proceed by employing the following simple lemma
Lemma 26. Assume that B(ξ)ξ is a standard (two-sided) Brownian motion. Let g : R→ C be a
bounded measurable function with compact support. Let us denote by
F (x) :=F−1
(
g (·)dB(·)
)
(x)= 1
2π
∫
R
e i xξg (ξ)dB(ξ)
the inverse Fourier transform of the (almost-surely well-defined) compactly supported distri-
bution g (ξ)dB(ξ). Then for any r > 1/2we have
E‖F‖2L∞(0,1).
∫
R
|g (ξ)|2(1+|ξ|2)rdξ.
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Proof. Let us first note that for, say smooth Schwartz test functions we obtain by Cauchy-
Schwartz
‖ f ‖L∞(R). ‖ f̂ ‖L1 . ‖ f̂ (ξ)(1+|ξ|2)r /2‖L2(R)
since ‖(1+|·|2)−r /2‖2 <∞ for r > 1/2 (actually this yields a proof of a special case of the Sobolev
embedding theorem, see e.g. [15, Theorem 6.2.4]). In order to localize in the case where f is
smooth but not compactly supported, we pick a real-valued and symmetric Schwartz test
function φ with supp(φ)⊂ [−1,1]. We demand further that F−1φ(x) ≥ 1/2 on [0,1]. We then
observe that by the previous inequality
(77) ‖ f ‖L∞(0,1). ‖[F−1φ] f ‖L∞(R). ‖φ∗ f̂ (ξ)(1+|ξ|2)r /2‖L2(R).
Observe next that for any ξ ∈R
E
∣∣(gdB)∗φ(ξ)∣∣2 = E∫
R
∫
R
g (u)φ(ξ−u)g (u′)φ(ξ−u′)dB(u)dB(u′)(78)
=
∫
R
|g (u)|2φ2(ξ−u)du =
(
|g |2∗φ2)(ξ).(79)
By combing this with (77) it follows that
E‖F‖2L∞(0,1).
∫
R
(
|g |2∗φ2)(ξ)(1+|ξ|2)rdξ=
∫
R
(
|g (ξ)|2[(1+| · |2)r ∗φ2](ξ)dξ,(80)
and the claim follows by noting that trivially [(1+| · |2)r ∗φ2](ξ). (1+|ξ|2)r .

In our case, if we define FN ,4 = GN ,4 −GN ,3, an application of the above lemma with the
choice r = 3/4 results in the bound (for sayM ≤N )
(81) E ||FN ,4 −FM ,4||2L∞(0,1).
∫logLi−1(N+1)
logLi−1(M+1)
(1+ s2)3/4
√Ĉ (s)
π
− 1p
s
2ds
Note that ∣∣∣∣∣∣
√
Ĉ (s)
π
− 1p
s
∣∣∣∣∣∣= 1ps
∣∣∣∣∣
√
2
π
∫s
0
sin y
y
d y −1
∣∣∣∣∣≤ 1ps 2π
∫∞
s
sin y
y
d y =O (s−3/2),
where we made use of the fact that 2
π
∫∞
0
sin y
y
dy = 1 and the already mentioned asymptotic
bound
∫∞
s
sin y
y
dy =O (s−1). It follows that
(82) E ||FN ,4−FM ,4||2L∞(0,1).
∫logLi−1(N+1)
logLi−1(M+1)
(1+ s2)3/4s−3ds,
which is bounded in N andM , so we proceed as before. 
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Tomake use of Theorem20 and compareGN ,4 to G˜t , we should see howN and t are related.
To do this, let us calculate the variance ofGN ,4 and require it to be
1
2
t +O (1). We have
EGN ,4(x)
2 = 1
2π
∫logLi−1(N+1)
logLi−1(1)
Ĉ (s)ds(83)
= 1
2
∫logLi−1(N+1)
logLi−1(1)
1
s
ds+
∫logLi−1(N+1)
logLi−1(1)
O (s−2)ds
= 1
2
loglogLi−1(N +1)+O (1),
wherewe used the expansionof Ĉ (s). Thuswe should expect that t = loglogLi−1(N+1) should
give a good estimate for the covariances. Indeed, for |x− y | ≤ 1/logLi−1(N +1), we have
EGN ,4(x)GN ,4(y)=
1
2
∫logLi−1(N+1)
1
1
s
cos(s|x− y |)ds+O (1)(84)
= 1
2
∫|x−y | logLi−1(N+1)
|x−y |
1
s
cos sds+O (1)
= 1
2
∫|x−y | logLi−1(N+1)
|x−y |
1
s
ds+ 1
2
∫|x−y | logLi−1(N+1)
|x−y |
cos s−1
s
ds+O (1)
= 1
2
loglogLi−1(N +1)+O (1)
where the O (1) terms are uniform in x, y . For |x− y | ≥ 1/logLi−1(N +1), elementary calcula-
tions show that
EGN ,4(x)GN ,4(y)=
1
2
C (x− y)+ 1
2
∫∞
|x−y |[logLi−1(N+1)+1]
cos s
s
ds+o(1),(85)
where the o(1) term is uniform in x, y . From this we see that for CN (x, y) = EGN ,4(x)GN ,4(y)
and C˜N (x, y) = EG˜t (x)G˜t (y) with t = loglogLi−1(N + 1), the conditions on the distances be-
tween the covariances in Theorem 20 are satisfied. Let us finally note that all our approximat-
ing fields are smooth with smooth, and especially they have Hölder covariances.
Before finishing our proof, we’ll recall a further result we need from [18].
Lemma27 ([18, Lemma 4.2 (ii)]). Let X be a Hölder regular Gaussian field on [0,1] and assume
that it is independent of the sequence of measures (µn) on [0,1]. If e
Xµn converges weakly in
distribution, then µn does as well.
We now turn to the proof.
Proof of Theorem 5. Let us introduce some notation. ForM ≥ 0, let
(86) νβc ,M ,N (dx)=
√
loglogLi−1(N +1)eβc (GN ,4(x)−GM ,4(x))−
β2c
2 E [GN ,4(x)
2−GM ,4(x)2]dx,
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where G0,4 = 0. From Theorem 20 we see that νβc ,0,N converges weakly in distribution (to
a non-trivial random measure) as N →∞. Then from Lemma 27 we see that also νβc ,M ,N
converges weakly in law for any fixedM ≥ 0. We also note that µβc ,N (dx) = e fN (x)νβc ,0,N (dx),
where fN is a sequence of continuous functions converging uniformly almost surely to a con-
tinuous function f and, by construction, fM is independent from fN − fM for each 0≤M <N .
Recall that we want to show that for each non-negative continuous g : [0,1]→ [0,∞), µβc ,N (g )
converges in law to νβc ( f g ). Observe that for anyM ≥ 1
e fM− fNµβc ,N (dx)=
(
e fM (x)+βcGM ,4(x)−
β2c
2 E(GM ,4(x)
2)
)
νβc ,M ,N (dx).
On the right hand side the first factor is a random continuous function, independent of the
measure νβc ,M ,N (dx), which in turn converges in distribution as N →∞. A simple argument
that employs conditioning (i.e. Fubini) then shows that the full product on right hand side
converges in distribution, whence the same is true for the left hand side. As supN≥M ‖ fM −
fN‖L∞(0,1)→ 0 in probability asM →∞, it is then an easy matter to verify that µβc ,N (dx) con-
verges in distribution as N→∞.

Remark 28. A classical results of Selberg yields that actual logarithm of the Riemann zeta
has point-wise Gaussian statistical behaviour. Bourgade [6] has some partial results on joint
distributions, and they seem to indicate that in a suitable ’mesoscopic’ scaling the random
translates of logζ(1+ i t ) behave like a logarithmically correlated Gaussian field. We sketch
here how an exact counterpart of this can be shown for the statistical model that we are con-
sidering here. Observe first that by lemma 17 and we may choose a sequence εn → 0+ and
λn →∞ so that the covariance ofGN (εnx) satisfies
KGN (ε·)(x, y)=
1
2
min(log(1/|x− y |), loglogN )+λn +O (1),
and, uniformly outside the diagonal, one even has
KGN (ε·)(x, y)=
1
2
log(1/|x− y |)+λn +o((1).
On the other hand, we know that our error term En converges uniformly to a bounded con-
tinuous function. Thus, in the scaling x→ εnx we may write
µβc ,N (εndx)∼ e
p
λnG0+R+o((1)µ˜n,β,
whereG0 is a fixed standard normal randomvariable, independent fromeach µ˜
n,β,R := E (0) is
a random variable, and µ˜n,β is obtained by exponentiating a good approximation of a Gauss-
ian field with the strictly logarithmic covariance structure log(1/(x− y |) on [0,1]. In particular,
µ˜n,β converges to a standard Gaussian multiplicative chaos on [0,1]. Similar statement holds
also true in the case β=βc .
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6. PROOF OF PROPOSITION 9: GAUSSIAN APPROXIMATION OF A SUM OF INDEPENDENT
RANDOM VARIABLES
We’ll start our analysis by considering some general facts about coupling random variables
and then apply these facts to Gaussian approximation. Perhaps some of these observations
could be found in the literature, and they are far from optimal but we do not need more for
our immediate purposes.
Assume that we are given two Borel probability measures µ,ν on a metric space (M ,d).
We may ask how to minimize E |X −Y |p over all random variables X ,Y taking values in M
such that the distribution of X (resp. Y ) equals µ (resp. ν). We denote the infimum of
(Ed(X ,Y )p)1/p by Wp(µ,ν) (the Wasserstein p-distance), and shall restrict ourselves to the
case p = 1. By denoting by γ the joint distribution of (µ,ν) onM ×M we see that
W1(µ,ν)= inf
γ
∫
M×M
d(x, y) γ(dx×dy),
where the admissible γ:s have µ and ν as marginals. We start with a simple observation
Lemma 29. In the above situation one has that
W1(µ,ν)≤ inf
R>0, x0∈M
(
4R|µ−ν|(B(x0;R))+32
∫∞
R/2
|µ−ν|(B(x0,r )c )dr.
)
Proof. Observe that
β :=µ− (µ−ν)+ = ν− (ν−µ)+ ≥ 0.
and define the measure β∆ onM ×M by β∆(A)=β({x : (x,x) ∈ A}) and note that themeasure
β∆+
2
‖µ−ν‖TV
(µ−ν)+× (ν−µ)+
has the rightmarginals sinceµ andν are probabilitymeasures so ‖(µ−ν)+‖TV = ‖(ν−µ)+‖TV =
(1/2)‖µ−ν‖TV , and both of the marginals of β∆ are simply β. As β∆ lives on the diagonal, it
follows that
W1(µ,ν) ≤
2
‖µ−ν‖TV
∫
M×M
d(x, y) (µ−ν)+× (ν−µ)+(dx×dy)(87)
≤ 2‖µ−ν‖TV
∫
M×M
d(x, y) |µ−ν|× |ν−µ|(dx×dy).
Fix now some x0 ∈ M and R > 0 and split the integral into ones over B(x0,R)×B(x0,R) and
its complement. The integral over B(x0,R)×B(x0,R) we can estimate by noting that here
d(x, y)≤ 2R so
2
‖µ−ν‖TV
∫
B(x0 ,R)×B(x0 ,R)
d(x, y) |µ−ν|× |ν−µ|(dx×dy)(88)
≤ 2 ·2R‖µ−ν‖TV −1|µ−ν|× |ν−µ|(B(x0 ,R)×B(x0,R))≤ 4R|ν−µ|(B(x0,R))
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By symmetry, the integral over the rest has the upper bound
4
‖µ−ν‖TV
∫
d(x,x0)≥d(y,x0)∨R
d(x, y) |µ−ν|× |ν−µ|(dx×dy)(89)
≤ 8‖µ−ν‖TV
∫
d(x,x0)≥R
d(x,x0) |µ−ν|× |ν−µ|(dx×dy)
≤ 8
∫
d(x,x0)≥R
d(x,x0) |µ−ν|(dx)
≤ 8
∞∑
k=1
2kR
(
|µ−ν|(B(x0,kR)c )−|µ−ν|(B(x0, (k+1)R)c )
)
≤ 16R
∞∑
k=1
|µ−ν|(B(x0,kR)c )≤ 32
∫∞
R/2
|µ−ν|(B(x0,r )c )dr
The claim follows by combining the estimates (87)–(89). 
We denote by µ̂ the Fourier transform) of the measure µ on Rd (i.e. the characteristic func-
tion of a random variable with distributionµ).
Corollary 30. Assume that µ and ν are absolutely continuous measures on Rd . Then
W1(µ,ν)≤ inf
R≥1
Cd
(
Rd+1‖µ̂− ν̂‖L1(Rd )+
∫∞
R/2
(µ+ν)(B(0,r )c )dr.
)
Proof. Let f (resp. g ) stand for the density of µ (resp. ν). The desired statement follows from
the previous lemma as soon as we observe that∫
B(0,R)
| f (x)− g (x)|dx ≤CdRd‖ f − g‖L∞(Rd ) ≤C ′′dRd‖ f̂ − ĝ‖L1(Rd ).

Finally, we are ready for:
Proof of Proposition 9. All the unspecified constants (and theO(·) terms) in the proof are uni-
versal in the sense that they may depend only on the the quantities d ,b0,b1,b2,b3. We let
C j = Cov(H j ) stand for the covariance matrix of the variable H j . Denote ℓn := (
∑n
j=1 c j )
1/2
and observe that
b−1/20 n
1/2 ≤ ℓn ≤ b1/20 n1/2.
Moreover, set
W := ℓ−1n
n∑
j=1
H j ,
so that Tr(Cov(W ))= d . By considering instead the random variables RH j where R :Rd → Rd
is a rotation matrix chosen so that RCov(W )RT is diagonal, we may assume that A :=Cov(W )
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is diagonal:
A =Cov(W )=

λ1 0 0 . . . 0
0 λ2 0 . . . 0
...
...
0 . . . 0 λd
 where λ1 ≥λ2 ≥ . . .≥λd ≥ 0 and d∑
k=1
λ j = d .
We start by proving an estimate of type (5) by first assuming that the smallest eigenvalue
of A satisfies the lower bound λd ≥ n−2δ, where the constant δ ∈ [0,1/6) will be chosen later
on. Towards that goal, we note that the exponential moment bound (4) for Hk :s implies that
‖DmϕH j ‖L∞(Rd ) ≤C form = 1,2,3 and all j = 1, . . . ,n, where ϕH j stands for the characteristic
function of the variable H j . Also, we haveD
2ϕH j (0)=−Cov(H j ), whence
ϕH j (ξ)= 1−
1
2
ξTCov(H j )ξ+O(|ξ|3) for all ξ.
Hence for the branch of the logarithm that takes value 0 at the point 1 we have for a universal
r1 > 0
(90) logϕH j (ξ)=−
1
2
ξTCov(H j )ξ+O(|ξ|3) for |ξ| ≤ 2r1
By independence (and since b−10 ≤ c j ≤ b0 for all j ) we gather that for another universal r2 > 0
(91) log
(
ϕW (ξ)
)
=
n∑
j=1
log
(
ϕH j (ξ/ℓn)
)
=−1
2
ξTAξ+n−1/2O(|ξ|3) for |ξ| ≤ r2
p
n.
We note that λ1 ≥ 1 and each λ j ≥ n−2δ. Hence, as |ξ|3 ≈
∑d
k=1 |ξk |3, we may estimate compo-
nent wise and deduce (by also decreasing r2 universally, if needed)
(92) |ϕW (ξ)| ≤ exp
(
− 1
4
ξT A˜ξ
)
for |A˜−1ξ| ≤ r2
p
n,
where A˜ is the d ×d diagonal matrix
A˜ := diag(1,n−2δ, . . . ,n−2δ)≤ A.
We next choose a d-dimensional centred Gaussian G (independent from the H j :s) such
that
(93) B :=Cov(G)= r−22 log2(n) diag(n−1,n4δ−1, . . . ,n4δ−1)= (r−12 log(n)n−1/2 A˜−1)2.
and set
W˜ :=G +W .
Then ϕW˜ (ξ)=ϕW (ξ)exp
(
− 1
2
ξTBξ
)
and we estimate
‖exp(−1
2
ξTAξ)−ϕW˜ (ξ)‖L1(Rd )(94)
=
(∫
|A˜1/2ξ|≤logn
+
∫{ |A˜1/2ξ| > logn
|B1/2ξ| ≤ logn
+
∫{ |A˜1/2ξ| > logn
|B1/2ξ| > logn
)∣∣exp(−1
2
ξTAξ)−ϕW˜ (ξ)
∣∣ dξ
= T1+T2+T3.
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We make use of the following simple observation for d ×d symmetric matrices D that are
lower bounded by n−α (i.e. by n−αI , where I is the identitymatrix) with α> 0:
(95) If D ≥ n−α, then
∫
|D1/2ξ|≥logn
e−
1
4 ξ
TDξdξ=O(n−1/2).
Namely, ∫
|D1/2ξ|≥logn
e−
1
4 ξ
TDξdξ= |D|−1/2
∫
‖ξ|≥log(n)
e−|ξ|
2/4dξ . ndα/2
∫
r≥log(n)
e−r
2/4r d−1dr
. ndα/2
∫
r≥log(n)
e−r
2/8dr =O
(
ndα/2e−
1
8 log
2(n)
)
=O(n−1/2)
Towards estimating the first term T1 we observe that since δ< 1/6, we have
sup
{|A˜1/2ξ|≤logn}
n−1/2|ξ|3 = o(1) as n→∞.
Hence we may apply (91), the ordering A ≥ A˜ and the inequality |ex −1| ≤ 2|x| for x ∈ (−∞,1]
to obtain the bound
T1 ≤
∫
|A˜1/2ξ|≤logn
e−
1
2ξ
TAξ
∣∣∣exp(− 1
2
ξTBξ+n−1/2O(|ξ|3)
)
−1
∣∣∣ dξ(96)
≤ 2
∫
|A˜1/2ξ|≤logn
e−
1
2 ξ
T A˜ξ
(1
2
ξTBξ+n−1/2O(|ξ|3)
)
dξ
≤ 2|A˜−1/2|
∫
Rd
e−|ξ|
2/2
(
‖A˜−1/2B A˜−1/2‖|ξ|2+‖A˜−1/2‖3n−1/2O(|ξ|3)
)
dξ
. n(d−1)δ
(
nδ log2(n)n−1+4δnδ+n−1/2n3δ
)∫
Rd
e−|ξ|
2/2
(
|ξ|2+|ξ|3
)
dξ
= O
(
n−1/2+(d+2)δ(n3δ−1/2 log2n+1)
)
= O
(
n−1/2+(d+2)δ
)
,
since δ< 1/6. Next, by the last equality in (93), the condition |B1/2ξ| ≤ log(n) is equivalent to
|A˜−1ξ| ≤ r2n1/2. Then (92) and the estimate (95) yield
T2 ≤
∫
|A˜1/2ξ|>logn
(
e−
1
4ξ
T A˜ξ+e− 12ξTAξ
)
| .
∫
|A˜1/2ξ|>logn
e−
1
4ξ
T A˜ξ =O(n−1/2).(97)
Finally, for the remaining term T3 we can again invoke (95) to obtain
T3 ≤
∫{ |A˜1/2ξ| > logn
|B1/2ξ| > logn
(
exp(−1
2
ξTAξ)+exp(−1
2
ξTBξ)
)
dξ(98)
≤
∫
|A˜1/2ξ|>logn
exp(−1
2
ξT A˜ξ)dξ +
∫
|B1/2ξ|>logn
exp(−1
2
ξTBξ)dξ = O(n−1/2)
Combining the estimates (96)–(98) with (94) we obtain that
‖e−|ξ|2/2−ϕW˜ (ξ)‖L1(Rd ) =O(n−1/2+(d+2)δ)(99)
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By Bernstein’s inequality (a simple application of Hölder’s inequality reduces things from
the d-dimensional case to the one-dimensional one and then one can make use of [26, The-
orem 2.1] to get bounds on the tail of the distribution from which one easily gets a Gaussian
bound by elementary arguments - the use of [26, Theorem 2.1] is justified by the bounds on
the exponentialmoments)we have universal constantsn0,b4 such that for n ≥ n0 it holds that
(100) E exp(λ|W |) ≤ exp(b4λ2) for all n and for all λ≤ b5n1/2.
Choosing e.g. λ = 3 here and combining with the excellent Gaussian tail (better than .
e−|ξ|
2/4) forG we see that P(|W˜ | >λ)< b5 exp(−2λ). This yields for R ≥ 1 estimate∫∞
R/2
(
P(|W˜ | ≥ r )
)
dr =O(e−R)(101)
We are now ready to invoke Corollary 30 in combination with (99) and (101) in order to
deduce the existence of a Gaussian random variableU such that
E |U −W˜ |. inf
R≥1
(
Rd+1n−1/2+(d+2)δ+e−R
)
. logd+1(n)n−1/2+(d+2)δ.
This yields our basic estimate
E |V | = E |U −W | ≤ E |U −W˜ |+E |G | . logd+1(n)n−1/2+(d+2)δ+ log(n)n−1+4δ(102)
= O
(
logd+1(n)n−1/2+(d+2)δ
)
.
We next see how to infer from (102) the inequality (5) or (8) in the different cases. For part
(ii) of the Proposition (which also covers the case d = 1) we may choose δ = 0 in (102) and
obtain directly (8) with β= 1/2. In order to deal with part (i) of the Proposition (where d ≥ 2)
we assume first that λ j ≥ n−(4d+6)
−1
. Then we may apply directly (102) with the choice δ =
n−(2d+3)
−1
and obtain the inequality (5) with the exponent
β=−1/2+ (d +2)(4d +6)−1 > 0
that depends only on δ. In the remaining case there is k0 ∈ {2, . . .d −1} so that λ j ≥ n−(2d+3)
−1
but λk0+1 < n−(2d+3)
−1
. Write W ′ := (W1, . . . ,Wk0) and W ′′ := (Wk0+1, . . . ,Wd ). We may apply
the above proof onW ′ and find a k0-dimensional Gaussian approximationU ′ forW ′ so that
E |U ′−W ′| =O
(
logd+1(n)n−δ
)
. We define the trivial extensionU ′ to a d-dimensional random
variableU by settingU = (U ′,U ′′), where the components ofU ′′ are identically zero. Now
E |W ′′| ≤ (E |W ′′|2)1/2 = (
d∑
k=k0+1
λk)
1/2. n−(4d+6)
−1
.
Finally,
E |V | ≤ E |W ′−U ′|+E |W ′′|. logd+1(n)
(
n−1/2+(d+1)(2d+3)
−1 +n−(4d+6)−1
)
. logd+1(n)n−(4d+6)
−1
,
where the exponent2 again depends only on d . This proves the desired estimate (5).
2We have not striven to optimality in Proposition 9 since the obtained bound suffices for the type of applica-
tions we have in mind.
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We turn to estimating the exponential moments. Their proof is based solely on (5) and
the assumed decay of the random variables, so we do not need to separate different cases as
before. By the Bernstein estimate (100) we obtain
P(|V | ≥ u)≤ e−2λue4b4λ2 for any u > 0 and λ ∈ (0,b4
p
n).
Denote δ := a1n−1/2 logd+1(n). Assume that λ ∈ (0,b4
p
n). We invoke the Bernstein estimate
to obtain (assuming n big enough), for an auxiliary parameterM ≥ 1
Eeλ|V | = 1+E
(
|V |exp(λV )−1|V | χ{|V |≤M}
)
+ (eλM −1)P(|V | >M)+λ
∫∞
M
eλuP(|V | > u)du.
By noting that t 7→ t−1(eλt −1) (defined to be zero at zero) is increasing on [0,M], and hence
less thanM−1(eλM −1) on that interval, we deduce
E exp(λ|V |)−1 ≤ δ(eλM −1)M−1+ (eλM −1)e−2λMe4b4λ2−2λM +e4b4λ2λ
∫∞
M
e−Mudu
≤ δeλMM−1+2e−λMe4b4λ2
The desired estimate is obtained by choosingM so that
p
δ = e−λM and plugging in the defi-
nition of δ.
Assume then the that variables hk are uniformly bounded. In this case a standard applica-
tion of Azuma’s inequality yields universal constants s,r > 0 so that
P(|V | ≥ u)≤ se−2r u2 for all u > 0.
In an analogous manner to what we just did for the exponential moments, for any M > 0 it
follows that
EerV
2 = 1+E
(
|V |e
rV 2 −1
|V | χ{|V |≤M}
)
+ (erM2−1)P(|V | >M)+2r
∫∞
M
xer x
2
P(|V | > x)dx
and deduce
E exp(r |V |2) ≤ 1+δ(erM2−1)M−1+ s(erM2−1)e−2rM2 + s
∫∞
M
2r xe−r x
2
dx
≤ 1+δM−1erM2+2se−rM2
The desired estimate is obtained by this time choosingM so that
p
δ= e−rM2 . 
REFERENCES
[1] L.-P. Arguin, D. Belius, and A. Harper: Maxima of a randomized Riemann Zeta function, and branch-
ing random walks. Preprint arXiv:1506.00629.
[2] K. Astala, P. Jones, A. Kupiainen, and E. Saksman: Random conformal weldings. Acta Math. 207
(2011), no. 2, 203–254.
[3] E. Bacry, A. Kozhemyak, J.-F.Muzy: Continuous cascademodels for asset returns. J. Econom.Dynam.
Control 32 (2008), no. 1, 156–199.
[4] E. Bacry and J. -F. Muzy: Log-infinitely divisible multifractal processes. Comm. Math. Phys. 236
(2003), no. 3, 449–475.
[5] N. Berestycki: An elementary approach to Gaussian multiplicative chaos. Preprint arXiv:1506.09113.
MULTIPLICATIVE CHAOS MEASURES FOR A RANDOM MODEL OF THE RIEMANN ZETA FUNCTION 35
[6] P. Bourgade: Mesoscopic fluctuations of the zeta zeros. Probab. Theory Related Fields 148 (2010), no.
3-4, 479–500.
[7] P. Bourgade and J. Kuan: Strong Szegö asymptotics and zeros of the zeta-function. Comm. Pure Appl.
Math. 67 (2014), no. 6, 1028–1044.
[8] D. Carpentier and P. Le Doussal: Glass transition of a particle in a random potential, front selection
in non linear RG and entropic phenomena in Liouville and SinhGordon models. Phys. Rev. E 63,
026110 (2001)
[9] F. David, A. Kupiainen, R. Rhodes, and V. Vargas: Liouville Quantum Gravity on the Riemann sphere.
Preprint arXiv:1410.7318.
[10] J. Ding, R. Roy, and O. Zeitouni: Convergence of the centered maximum of log-correlated Gaussian
fields. Preprint arXiv:1503.04588.
[11] B. Duplantier and S. Sheffield: Liouville quantum gravity and KPZ. Invent. Math. 185 (2011), no. 2,
333–393.
[12] B. Duplantier, R. Rhodes, S. Sheffield, and V. Vargas: Renormalization of critical Gaussianmultiplica-
tive chaos and KPZ relation. Comm. Math. Phys. 330 (2014), no. 1, 283–330.
[13] B. Duplantier, R. Rhodes, S. Sheffield, and V. Vargas: Critical Gaussian multiplicative chaos: conver-
gence of the derivative martingale. Ann. Probab. 42 (2014), no. 5, 1769–1808.
[14] Y.V. Fyodorov and J.P. Keating: Freezing transitions and extreme values: randommatrix theory, and
disordered landscapes. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 372 (2014), no. 2007,
20120503, 32 pp.
[15] L. Grafakos: Modern Fourier Analysis. Second Edition. Springer, 2007.
[16] C. Hughes, J. Keating, and N. O’Connell: On the characteristic polynomial of a random unitary ma-
trix. Comm. Math. Phys. 220 (2001), no. 2, 429–451.
[17] J. Junnila: On non-Gaussian chaos. Manuscript in preparation.
[18] J. Junnila and E. Saksman: The uniqueness of the Gaussian multiplicative chaos revisited. Preprint
arXiv:1506.05099.
[19] J.-P. Kahane: Some Random Series of Functions. Second Edition, Cambridge University Press 1985.
[20] J.-P. Kahane: Sur le chaos multiplicatif. Ann. Sci. Math. Québec 9 (1985), no. 2, 105–150.
[21] T. Madaule: Maximum of a log-correlated Gaussian field. Ann. Inst. Henri Poincaré Probab. Stat. 51
(2015), no. 4, 1369–1431.
[22] T. Madaule, R. Rhodes, and V. Vargas: Glassy phase and freezing of log-correlated Gaussian poten-
tials. Preprint arXiv:1310.5574.
[23] D. Ostrovsky: On Riemann zeroes, Lognormal Multiplicative Chaos, and Selberg Integral. Preprint
arXiv:1506.07488.
[24] R. Rhodes and V. Vargas: Gaussian multiplicative chaos and applications: a review. Probab. Surv. 11
(2014), 315–392.
[25] R. Rhodes and V. Vargas: KPZ formula for log-infinitely divisible multifractal random measures.
ESAIM Probab. Stat. 15 (2011), 358–371.
[26] B. Bercu, B. Delyon, and E. Rio: Concentration inequalities for sums andmartingales. SpringerBriefs
in Mathematics. Springer, Cham, 2015. x+120 pp.
[27] S. Sheffield: Conformalweldings of randomsurfaces: SLE and the quantumgravity zipper. To appear
in The Annals of Probability. Preprint arXiv:1012.4797.
[28] C. Webb: The characteristic polynomial of a random unitary matrix and Gaussian multiplicative
chaos—the L2-phase. Electron. J. Probab. 20 (2015), no. 104, 21 pp.
36 E. SAKSMAN ANDC. WEBB
UNIVERSITY OF HELSINKI, DEPARTMENT OF MATHEMATICS AND STATISTICS, P.O. BOX 68 , FIN-00014 UNI-
VERSITY OF HELSINKI, FINLAND
E-mail address: eero.saksman@helsinki.fi
DEPARTMENT OF MATHEMATICS AND SYSTEMS ANALYSIS, AALTO UNIVERSITY, P.O. BOX 11000, 00076 AALTO,
FINLAND
E-mail address: christian.webb@aalto.fi
